The stock market balance can be presented as a result of mutual effect of the supply and demand on the market. This creates high-frequency dynamics of prices for shares, what in turn leads to the appearance of the threedimensional rotary trajectories of the market. The 3-D space is a Cartesian product: prices, volumes, and time. In this space whirling vectors form rotary-spiral trajectories and, they in turn, determine in the appropriate time periods side surfaces of solids of revolution, which rotate as well. Perpendicular projections of rotary trajectories on planes with standing out time axis cause that economic rotary phenomena are depicted on the mentioned planes by means of flat zigzags. Double rotating of economic vectors resembles precession movement. This is the precession movement which guarantees oscillating-rotating vectors around the hypothetical line of economic balance. Economic vectors are always set in rotary motion mainly by stimulating the vectors of demand and supply. Dynamically changing volumes of the mentioned forces cause that permanent state of economic balance practically do not exist in market reality. In the modified by the authors cobwebbed model states of fragile balance are explained by means of precession and accompanying it nutation. The rotary movement occurs universally in our world. The effects of vortexes from the world of nature are extremely quickly reflected in changing in chaotic way forces of demand and supply which in turn are the main generators of economic vortexes. Then the relationship is unambiguous and can be expressed by a short general statement claiming that vortexes generate vortexes regardless of the environment in which they occur. The resemblance between the rotary trajectories observed in hydrodynamics and the stock market rotary-spiral trajectory was the inspiration of the work for creating the econophysical analogue of the so-called stock market Reynolds number (Re). The academic community has long sought a description of the phenomenon of turbulence in financial markets, and this article is an attempt to face this challenge. The original idea behind developing an economic equivalent of the Reynolds number was that market vectors of volumes, prices and time components can be treated as particles of a stream of liquid flowing through a pipe of a given cross-section. The Reynolds number, defined in this way, can be applied in research into the dynamics of stock exchange indices and, in particular, for the development of short-term warning forecasts. Additionally, it can be treated as a coefficient confirming (or rejecting) long-term stock market predictions.
Introduction
Stock market unpredictability over time (e.g. of share prices) has been the subject of many studies. The first significant attempts to explain the unpredictability of a stock market time series were made by Henri Poincaré [1] . In 1900, L. Bachelier, Poincare's student, obtained a doctoral degree for his dissertation entitled "Théorie de la spéculation" [2] . The concept applied in this dissertation was that the above-mentioned unpredictability was of a stochastic nature. Bachelier assumes that the price change process is subject to a Gaussian distribution. Currently, one of such stochastic processes is referred to as the Wiener process (or Brownian motion).
The Brownian process satisfies the equation of diffusion. Bachelier determined price change probability by introducing a chain equation, currently referred to as the Chapman-Kolmogorov Eq. [3] . At this point, it should be also mentioned that this equation had been previously discovered by a Polish physicist, Marian Smoluchowskia researcher working on Brownian motions [4] . Poincaré, while examining the movement of a small body within the gravitational field of two large neighbours, also discovered a surprising phenomenon. It was proven that the movement of a small body may be unpredictable -chaotic [1] . In 1889, for his research Poincaré was awarded a prize established to honor the sixtieth birthday of Oscar II, King of Sweden and Norway [5] [6] [7] .
The phenomenon of movement unpredictability had been previously observed in hydrodynamics. It was found that, under some circumstances, fluid that had so far been flowing in a regular (laminar) way may become turbulent, chaotic and unpredictable. In 1823, Navier wrote equations of motion for viscous fluids, today referred to as Navier-Stokes equations [8] :
where: v -fluid velocity, t -time of fluid flow, ρ -fluid density, P -pressure, F -unit mass force, ϑ -kinematic viscosity, ∆v -Laplacian of fluid velocity. The Navier-Stokes equation is a nonlinear equation; we still do not know the full analytical solution of this equation. It is particularly important in these reflections, since it describes fully-developed turbulence, namely, turbulence corresponding to a high Reynolds number.
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Reynolds number in hydrodynamics
In 1883, the English scientist O. Reynolds, to some extent, solved the problem of transmission from a laminar into a turbulent flow [9] [10] [11] . He demonstrated that a change of fluid flow character could be determined with the use of a value of certain dimensionless number, today referred to as the Reynolds number -R e [12] [13] . We will briefly outline the genesis of this number.
An object moving through a fluid is under the influence of resisting forces, referred to as drag. After Reynolds, we can distinguish pressure drag R and viscous drag T . Based on a dimensional analysis, the following formulas were obtained [14] :
where: B and C -dimensionless constants, v -certain mean velocity of the fluid, ρ -density of the fluid, Scross-sectional area of the object, perpendicular to the direction of the fluid flow, η -fluid viscosity, l -linear dimension of the object.
For high velocities, pressure drag is much higher than the viscous drag, while for small velocities, viscous drag is much higher than the pressure drag. After Reynolds, let us examine the following quotient:
Dividing the dimensionless factors and rounding their quotients to the value of one and assuming that S = l 2 , we obtain a formula for Reynolds' dimensionless constant R e [14] :
On the basis of the empirical research, it was found that if the examined fluid was water, then for: R e < 1000 -fluid flow is laminar (stable), 1000 < R e < 2000 -fluid flow is unstable, R e > 2000 -fluid flow is turbulent.
Observation of time series concerning the prices of securities strengthens our conviction about their unpredictable nature. Since it may not be excluded that the financial market is subject to chaotic dynamics, it seems justified to construct the Reynolds number analogue for the financial markets [15] . While considering the Reynolds formula, we can notice fluid viscosity as one of its elements. Such a value is not found in financial mathematics. Therefore, relation (5) should be transformed to make it more useful from an economic point of view.
Economic analogue of the Reynolds number
A construction of the economic equivalent of the Reynolds number requires the application of two more relations. The fluid equation proposed by the outstanding Russian physicist, J. Frenkel, will be used [14] :
where f is a constant in a unit of force, and D is a diffusion coefficient. Additionally, the Smoluchowski equation (also referred to as the Einstein equation) will be useful, which expresses the relation between the diffusion coefficient and a variance determined in a time interval of duration t: σ 2 = 2Dt.
As follows from Eq. (7), the Brownian process satisfies the diffusion equation. While finally substituting relations (6) and (7) to Eq. (4), we obtain:
It is known from Eq. (6) that f = Dη. In case of determining the Reynolds number for one stock-listed company, both diffusion and viscosity are constant, and for this reason f has been omitted from formula (8) . Viscosity η is treated then as a constant equal to 1. On the other hand, when viscosity refers to a specific index, then its value grows with an increase in the number of companies making up the created stock exchange index. Diffusion is a constant value, proportional to the viscosity of the company with the highest viscosity value in the entire index. Time represents any length of time series. Therefore, according to Frenkel's approach, f /v is a time variable quotient of force and velocity at which companies making up the stock exchange index are rotating (or the quotient of force and velocity at which one company, for which the stock exchange Reynolds rate is determined, is rotating). After assuming that the cross-section is equal to the square of the linear dimension (S = l 2 ) and skipping the Frenkel constant 2f , we obtain a stock market analogue of the Reynolds number in the following form:
where ρ represents density (constant number of companies making up the stock exchange index), v is a certain mean velocity of the turbulent flow, while σ 2 is a volume variance. If ρ = constans = 1, then the formula is:
The stock market analogue of the Reynolds number, expressed through the product of a volume variance and the square of stock market flow velocity, can be applied in a stock market technical analysis as the so-called Reynolds warning rate. The velocity of stock exchange movement is equal to the tangent of the angle of inclination of the volume regression line, established with the least squares method [16] . Determination of the threshold values of Reynolds rate for various types of markets and their later analysis may contribute to an increase in market predictability. Values of Reynolds warning rate are determined by periods in which the market demonstrates stable dynamics or turbulent dynamics.
An economic equivalent of the Reynolds number (10) is a key element in the description of the phenomenon of turbulence in financial markets. It enables a new approach to business dynamics in the context of market predictability. Thus, anticipation of turning points can become an element of investment strategies.
Rotational nature of securities market dynamics and the problem of balance
If we examine the dynamics of stock exchange indices in three dimensions, i.e. in space R 3 + = P × Q × T , where symbols P , Q and T are used to determine the value of index, volume and time, respectively, then we can observe that the behaviour of the stock exchange is described by a rotary-spiral trajectory. This confirms to certain degree the hypothesis on the chaotic nature of financial processes [17] [18] [19] . Figure 1 presents a spiral evolution of the WIG stock exchange index listed on the Warsaw Stock Exchange. It shows that stock exchanges rotate around a hypothetical path of balance and the trajectory resembles a line wound around a cone. The axes of those cones form a complicated, twisting line (often a broken line), which determines the level of balance in subsequent periods. As A. Smoluk observes, a rotational motion is the essence of economics and business cycles are unavoidable since they result from Newton's law and indicate a natural tendency of economic systems towards equilibrium [20] [21] .
In the economic system
+ , where i ∈ N , subject to demand and supply forces, move in precession and form rotational trajectories. Those trajectories determine (in appropriate time spans) rotary quadric surfaces. Examples of rotary quadric surfaces include: cones, elliptic cones, cylinders, elliptic, hyperbolic and parabolic cylinders, paraboloids, one-or twosheeted hyperboloids and ellipsoids [22] . All of the abovementioned lateral surfaces are regular and smooth surfaces. However, the three-dimensional economic vortex, as shown in Fig. 1 , is not a trajectory which could be described as regular and smooth. But it certainly should be claimed that the economic rotational trajectory is fixed inside the above-mentioned rotary quadric surfaces. The purpose of model binding of those surfaces is only to serve as a geometric representation of a natural -irregular "sleeve", which is constantly woven by rotating vectors in economics.
Observations of time series in R 3 + = P × Q × T require a slightly broader discussion of the issue concerning the precession of the vector with components (p i , q i , t i ). Cones determined by a trajectory in certain time intervals also reveal a tendency to rotate around a certain hypothetical line [23] . This kinematic phenomenon resembles a precession movement, which occurs when torgue with a component perpendicular to the angular momentum is applied to a body spinning around its axis. The axis of the body rotation then starts tilting from the vertical position, thus making a movement that draws a surface in the shape of the lateral surface of a cone. Precession is responsible for the stability of spinning objects. Precession can be accompanied by nutation, in which case additional fluctuations or vibrations of the rotational axis of economic vectors result in sustaining the rotational movement of the body -in this case, the stock exchange. The mere fact of a precessive rotation of cones can be identified with states of general balance, while the axis of the cone determined by the rotational-spiral trajectory will be referred to as the temporary balance axis (observed in the time span in which the cone was determined). Generally, as an example of the precession movement, physicists provide the rotational movement of the Earth, where during the rotations of the planet around its own axis this axis tilts from the vertical position, as a result of which it draws a cone. The period of drawing a full galactic cone lasts about 25,600 years [24] . This represents the so-called Platonic year.
As it has been proven in this chapter, market vectors can be treated as particles of a liquid flow, and consequently, such a description of turbulence leads to a new definition of market balance. It includes two elements. A hypothetical line of dynamic balance should be distinguished (first element), around which the actual market vectors (second element) rotate. It must be emphasized that the dynamic balance line is a virtual construction, as it is never achieved, and it only provides a frame of reference for actual movements of economic vectors. Vortices formed around it can be smaller or larger, but they are always present, therefore distinguishing laminar and turbulent areas in Fig. 1 is just a matter of convention. If the stock exchange reached the hypothetical long-term equilibrium line, it would mean its liquidation, so this line is a repeller. When a sleeve created by rotary quadric surfaces in which vectors rotate is of a smaller diameter, we can talk about quasi-laminar areas, and when this diameter is larger, we are dealing with turbulent areas. Examples of quasi-laminar and turbulent areas are shown in Fig. 1 .
Explanation of the rotational movement of market vectors based on the theory of economics
Let us look for a moment at the dynamics of vector adjustment to economic balance levels. Let us assume that in the economic three-dimensional space, vectors of various components are subject to market adjustment processes. On a plane, those processes are usually depicted with the use of graphs of polygonal functions (zigzags), where one of the vector components is always time. When we increase the dimension of space by one (by adding one vector component dependent on the previous one), then in the three-dimensional Cartesian coordinate system we generally obtain a rotational trajectory. The dependence of vector components R 3 + is very important here. An increase or a decrease in the value of one of the components always involves a decrease or an increase in the value of the other component of the vector. As examples of systems, in which we can observe such three-dimensional rotations, we should list the following relations: output volumes of minerals and their prices, volumes of mined natural resources and their value, volume of acquired species of timber and their price, volume of agricultural produces and food products and their prices, etc. Equally important are also examples of threedimensional rotations observed in the systems where both vector components are quantitative, e.g. changing populations of wolves and deer in the American Yellowstone National Park, or changing populations of foxes and common hare in Poland (before and after the introduction of mass vaccination of foxes against rabies, increase of agricultural mechanization, increase of traffic intensity, etc.).
All of the dynamic systems mentioned above, at the moment when a graphical three-dimensional analysis of their dynamics is made, show its rotational nature to the observer. If observations are two-dimensional, then vector rotations are apparently flat and their shape resembles a modified cobweb model.
Orthogonal projections of rotational trajectories onto planes create well-known zigzags seen on time charts representing the value of stock-exchange indices and volumes. The three transformations provided below present orthogonal projections of a rotational trajectory onto three planes perpendicular to one another.
In the first two transformations, p and q, we obtain graphs of segment-polygonal functions (flat zigzags) and, as a result of implementing the third transformation, s, we receive a curve resembling a vortex -spiral.
If we assume that a two-dimensional system of coordinates illustrates values of the stock exchange index changing over time, then -regardless of the trend prevailing during the observation of the stock exchangethe chart will show flat zigzags representing a growth or a decrease of the value of this index. It will also be true in case of a changing volume. Therefore, we can look at two different graphs (two different zigzags), which independently present the dynamics of changes in the stock exchange vector in two various systems of coordinates (in the system of the index value -time or volumetime).
The observation of stock exchange dynamics as a vector with two components, i.e. index value and volume, is very difficult when analysing a large number of listings. In practice, certain rotational regularities are perceived only when the number of observations in the indexvolume system is low. In practice, for a large number of listings, the flat trajectories of the vector index values and volume components very densely overlap, creating an indecipherable picture. Perceiving any regularity in such a picture is simply impossible. The trajectory of the stock exchange looks substantially different when we increase by one dimension the space in which we make our observations. In a three-dimensional system, our flat trajectories are stretched in time (we can also say that flat kinematic trajectories are literally detached from the index value -volume plane), revealing their real, kinematically rotational nature [25] [26] .
An identical visual effect can be achieved when stretching (along the time axis, situated perpendicularly to the index value -volume plane) the cobweb model. In such a case, we create a truncated prism with a tetragonal basis with a screw line wound on the lateral surface of the prism. Most probably, at the end of 1920s and at the beginning of the 1930s, such three-dimensional experiments related to literal stretching of the cobweb mechanism were not carried out by four, presumably independent, creators and at the same time propagators of this model, namely: J. Tinbergen, U. Ricci, H. Schultz and A. Hanau [27] [28] [29] [30] . If this was the case, then the model attempt to explain extrapolating adjustment of cyclic fluctuations of prices and amounts of produced goods to economic balance levels could already at that time have been directed towards the issue of threedimensional economic vortices. The proposed new definition of economic balance presented in this article is compatible both with Walras' hypothesis of the excess market demand as well as with Marshall's hypothesis of excess demand price [31] [32] [33] [34] .
The proposed new definition of economic balance includes a virtual broken (or twisting) line, representing a hypothetical long-term dynamic balance and rotation of real market vectors around it. The line of long-term balance is a repeller, since reaching it would mean the death of the stock exchange. In the three-dimensional Cartesian coordinate system, vectors with volume, index value and time components are constantly subject to an unpredictable rotational process. Trajectories determined by this process are irregular economic helices. They are similar to helices created by particles of flowing liquids or gases. The economic Reynolds number differentiates individual market states in view of their complexity.
Rotational motion on the stock exchange and in hydrodynamics as an example of logical homology
The value and volume of a given asset depend on many factors, such as the reaction of individual players or entire communities of investors. Some of them are of an impermanent, even speculative nature, while others operate in the long-term. A three-dimensional analysis of stock exchange indices and individual shares demonstrates an unusual, striking similarity, which indicates one type of prevailing movement. This movement changes locations of points in space R 3 + = P × Q × T , determining at the same time a rotational-spiral three-dimensional curve. The analysis of market dynamics in R 3 + brings certain physical associations with hydrodynamic models. The type of movement made by the market in R 3 + is strikingly similar to the rotational movement of fluids. If we look at stock market helices in various time scales, we can quickly notice that rotations of lower time degrees (scales) cause rotations in higher scales. In other words, in three-dimensional stock market kinematics, vortices (helices) emerging in a micro-scale cause vortices in higher, meso-and macro scales. This irregular rotational process continues with the assumption that stock exchange transactions are constantly made. Let us imagine for a moment that each of the specified stock exchange securities is assigned unambiguously one colour. Observing in R 3 + = P × Q × T colourful stock exchange helices (e.g. in a one-minute scale), we can conclude that chaotic vibrations of vectors (stock exchange particles) move in a similar way to air, gas or water particles or of a liquid of viscosity comparable to the kinematic viscosity of water equal to 1 cSt measured at 4
• C * . Kinematic liquid viscosity expresses the relation of dynamic viscosity of a given liquid to its density.
Comparison of the stock exchange phenomena to hydromechanical or aerodynamic phenomena is a good example of logical homologies, emphasizing the rotation of particles and shares (or indices) at the stock exchange [35] . When stock exchange helices take the shape of a spiral (logarithmic, hyperbolic or Archimedean), it is easier to make a short-term forecast concerning the development of economic market vectors. Rotational and spiral graphs confirm that the stock market analogue of the Reynolds number can be applied in a technical analysis as a stock-exchange Reynolds warning rate. For the above reasons, establishing the threshold values for various types of markets and their thorough analysis may contribute to an increase in market predictability. The values of stock market Reynolds warning rate would determine the moments in which the market transforms from stable price dynamics into the turbulent dynamics.
Development of an economic equivalent of the Reynolds number constitutes an important and innovative econophysical achievement, since it confirms the basis idea of econophysics, according to which physical and economic objects can have a common theory. This is a situation described in the language of general system theory as logical homologies.
Verification of the prognostic possibilities of the stock exchange Reynolds number
We present below two examples of verifying the Reynolds stock exchange rate for the WIG index quoted on the Warsaw Stock Exchange. The analysis of time series for two various periods confirmed the hypothesis of the warning nature of the stock exchange Reynolds number. In the calculations below, symbol R e (YYYY-MM-DD) denotes the value of the stockexchange Reynolds number as of (YYYY-MM-DD). Additionally, the periods for which the stock-exchange Reynolds number is determined always include the data from 29 subsequent daily listings at the Warsaw Stock Exchange. The first period included days from 1994-01-03 to 1994-03-08, while the second period included days from 1995-02-16 to 1995-03-28. Tables 1 and 2 present days on which the Reynolds number reached the maximum values. In both periods under examination, after exceeding the maximum value R e , a clear change of the trend was observed at the Warsaw Stock Exchange. In the first period, a bull market on the stock exchange ended on 1994-03-08, while in the second period it ended on 1995-03-28. turnover revealed a growing trend. At the same time, the Reynolds number decreased to the level of R e (1994-03-07) = 1.24 × 10 16 . On a subsequent day, the stock exchange started a long bear market period. While treating R e as a warning rate, in this case we can claim that the warning concerning the change of the stock exchange trend occurred two days in advance.
In the second period under analysis, lasting from 1995-02-16 to 1995-03-28, the situation was slightly different. The following values of Reynolds warning rate were obtained: 1995-03-23 12 . On subsequent days of listings, both the values of the WIG index and the turnover were already lower. In the time period under analysis, the highest value of the stockexchange Reynolds number R e (1995-03-29) = 1.74399 × 10 12 was observed just after the change of the market growing trend. In this specific case, the nature of the stock-exchange Reynolds number changed from a warning to a confirmation. This means that in later periods the values of the stock-exchange Reynolds number were much lower than the maximum value falling on 1995-03-29. Therefore, a change in the market trend of 1995-03-28 is interpreted in a slightly different way. In this case, the confirming character of the stock-market Reynolds number is understood as confirmation of a change in the existing market trend.
The forecasting possibilities of an economic equivalent of the Reynolds number show that it stand a chance to become an important element of investment strategies applied in the stock market game. Because of its usefulness, this tool could be used both by small investors and institutional investors.
Conclusions
This article presents an analysis of the rotational dynamics of market movement observed in space R + are values of WIG index (P ) and volume (Q), which form spiral stockexchange trajectories. The research revealed that the observed three-dimensional market trajectory is common not only for stock exchange indices, but also for all types of stocks. It turns out that all two-dimensional graphs representing price changes in time (or volume changes in time) emerge as a result of orthogonal projection of a three-dimensional curve (rotational-spiral trajectory) on an appropriate plane. The movement made by the market in R 3 + , is of a rotational-spiral type. The analysis of three-dimensional stock-exchange models allows the same time relations between the price and the volume to be followed. Additionally, it is possible to perceive a similarity of rotational-spiral curves, created as a result of stock exchange movements, to the movement which is created in hydrodynamic models. A similarity of those two different dynamical systems is not related to factors that cause this movement, but to the type of the movement itself (logical homology). The value of stock exchange number R e (determined, e.g. for a specific index) can be calculated as a product of variance and the square of velocity. At the moment when number R e reaches high values, the movement previously described as laminar develops into a turbulent one. Observed stock exchange rotational and spiral movement, consisting in market transition from a state of stable dynamics into a turbulent market, is a rapid change of a laminar movement into a turbulent movement. Such situations often occur on financial markets, where events seemingly of little importance have such a strong impact on the reactions of market participants that a very fast mood change occurs, resulting in the emergence of stock-exchange turbulence and a market collapse.
